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Abstract—This paper presents a robust H-infinity based 
control methodology for an Autonomous Underwater 
Vehicle(AUV). The kinematics and dynamics of an AUV is 
described using six degree of freedom differential equations of 
motion using body and earth-fixed frame of references.  Due to 
hydrodynamic forces, these equations are highly coupled and 
non-linear. From the practical point of view it is essential to 
consider a reduced order model for efficient controller design. 
Hence the system is commonly subdivided into smaller 
subsystems, like depth, steering (or yawing) and speed 
subsystems, which are considered to be mutually non-interactive 
from the controller design perspective. In this study a reduced 
order model was derived using the depth plane dynamics of the 
vehicle. The working environment of an AUV is vastly uncertain 
due to varying environmental conditions, thereby demanding a 
robust controller which has the ability to adapt to these 
uncertainties and provide stabilizing effect irrespective of the 
change in the surrounding conditions. The proposed H-infinity 
controller takes into account the uncertainties in the 
hydrodynamic parameters which arise due to changing operating 
conditions and provides suitable control action for desired set 
point tracking as well as disturbance rejection. The altitude of 
the vehicle is strongly dependent on the pitch angle, and the 
controller presented here takes care of both the pitch and depth 
plane dynamics. The mixed sensitivity approach for H-infinity 
controller design is followed, and the efficacy of the controller is 
compared with Linear Quadratic Gaussian(LQG) controller and 
the Mixed H2/H-infinity controller. The controller design and 
simulation has been done in Matlab, and the simulated results 
provide satisfactory results, for disturbance rejection and set 
point tracking for the H-infinity controller in presence of 
hydrodynamic parametric uncertainties. 

Keywords—Autonomous Underwater Vehicle (AUV), H-infinity 
control, Linear Quadratic Gaussian(LQG) control, mixed H2/H-
infinity control, six-degrees of freedom. 

1.    INTRODUCTION 
Autonomous Underwater Vehicles are being increasingly 

used in ocean survey, which includes ocean floor mapping, 
survey of underwater biotic environment and has become 
especially useful for the oil and gas industry. For an underwater 
vehicle to be truly autonomous, it is essential that it has good 
adaptability to changing operating conditions, is not affected by 
external disturbances and it can efficiently complete its pre-
programmed tasks, without any kind of manual intervention. 
To meet the afore mentioned requirements, one of  the most 

important task is the design of a robust and efficient controller 
which can compensate for the hydrodynamic parametric 
uncertainties which affects the vehicle dynamics and keeps the 
system stable under all operating conditions, as well as provide 
good set point and trajectory tracking capability. 

Many types of controllers and control strategies have been 
applied and proposed in the past for controlling the dynamics 
of underwater vehicles authors. To compensate the inherent 
non-linearities in the dynamic equations of the vehicle, sliding 
mode control[4], and back stepping control methodology based 
on Lyapunov stability theory have been applied[8]. Intelligent 
control system based on Fuzzy Logic has been proposed in [5] 
as this technique does not depend much on the system model. 
The inherent capability of neural networks as function 
approximators and classifiers and their capability to deal with 
uncertainties have also made them a candidate for use as 
control strategy in underwater vehicles [7]. 

The H-infinity controller aims at minimizing the infinity 
norm of the system, that is, it reduces the maximum 
disturbance affecting the system. H-infinity controllerdesign 
for autonomous underwater vehicle has been discussed in 
[10],[11]. In case of underwater vehicles, sensor noise also 
forms a source of disturbance and uncertainty which affects the 
vehicle. Linear Quadratic Gaussian (LQG) control exhibits 
good noise rejection capability as well as robustness and has 
been proposed in[9]. In this paper a mixed H2-H-infinity 
control strategy has been proposed, which provides both noise 
and disturbance(arising due to parametric uncertainties) 
rejection along with good set point tracking.  

The paper has been arranged in the following subsections. 
Section 2 presents mathematical modeling of the system, 
taking into account both the kinematics and dynamics part. 
Model Uncertainties is explained in section 3. H-infinity 
control theory has been discussed in section 4. The mixed 
sensitivity approach to H-infinity controller design and loop 
shaping is presented in Section 5. In Section 6 the simulations 
results have been the provided and the concluding section 
involves discussion of the results obtained and the conclusion 
derived at, from the studies conducted for this paper. 

2. MATHEMATICAL MODELING OF AUV 

The notation used in this paper is in accordance to SNAME 
1950[1]. The six degree of freedom is based on the Newton- 
Euler equations as described in [2]. Generally two coordinate 



frames are considered while modeling an AUV. One is the 
inertial or the earth-fixed which is considered to be stationary 
and the other is the body-fixed frame, which is assumed to be 
fixed to the body of the vehicle and moves along with it. The 
earth-fixed and the body-fixed frame is represented by two 
vectors η andν respectively, consisting of six components each. 
The translational and angular coordinates of the vehicle along 
the three principal coordinate axes X, Y and Z are expressed in 
terms of the earth fixed frame, while the linear and angular 
velocities of the vehicle along the three axes is expressed in 
terms of body-fixed coordinate frame. િ=ሾ߰ߠ߶ݖݕݔሿ் is the earth fixed vector, whereિ₁=ሾݖݕݔሿ் 
are the position coordinates and િ₂=ሾ߶߰ߠሿ் are the rotational 
coordinates.The body-fixed vector is given by ν=ሾݎݍ݌ݓݒݑሿ், 
where ν1=ሾݓݒݑሿ் are the translational velocities and are known 
as surge, sway and heave velocities and ν2=ሾݎݍ݌ሿ் are the 
rotational velocities and are known as roll,pitch and yaw 
motions. The two coordinate frames are related by the Jacobian 
matrix ܬሺિ₂) and is given by    ηሶ ൌ  ሺિ₂)ν                             (1)              Equation (1)ܬ
represents the Kinematics of the underwater vehicle. The 
dynamics of the vehicle consists of two parts, the translational 
dynamics and the rotational dynamics. The translational 
dynamics is given by Newton’s  second law ܨ ൌ ݉ܽ                                      
(2)   ݉is the mass of the body and ܽ is the acceleration of the body. 

The rotational dynamics is given by Euler’s equation, which 
states that rate of change of angular momentum are equal to the 
moment applied.  ܯ௖ ൌ ௖ܫ ሶ߱ ൅ ߱ ൈ ௖ܫ                          (3)                                           

In equations (2) and (3) ܨand ܯ௖are the external forces and 
moments which acts on the body. These include gravitational, 
buoyancy, propulsive, damping and control forces. Based on 
the above principal force and moment equations, the general 
six degrees of freedom equations of motion of an autonomous 
underwater vehicle is given by ݉ሾݑሶ െ ݎݒ ൅ ݍݓ െ ଶݍ௚ሺݔ ൅ ଶሻݎ ൅ ݍ݌௚ሺݕ െ ሶሻݎ ൅ ݎ݌௚ሺݖ ൅ ሶݍ ሻൌ ෍ ܺ௘௫௧  ݉ሾݒሶ െ ݌ݓ ൅ ݎݑ െ ଶݎ௚ሺݕ ൅ ଶሻ݌ ൅ ݎݍ௚ሺݖ െ ሶሻ݌ ൅ ݌ݍ௚ሺݔ ൅ ሶሻൌݎ ෍ ௘ܻ௫௧ ݉ሾݓሶ െ ݍݑ ൅ ݌ݒ െ ଶ݌௚ሺݖ ൅ ଶሻݍ ൅ ݌ݎ௚ሺݔ െ ሶݍ ሻ ൅ ݍݎ௚ሺݕ ൅ ሶሻൌ݌ ෍ ܼ௘௫௧ ሶ݌௫௫ܫ  ൅ ൫ܫ௭௭ െ ݎݍ௬௬൯ܫ ൅ ݉ሾݕ௚ሺݓሶ െ ݍݑ ൅ ሻെ݌ݒ ሶݒ௚ሺݖ െ ݌ݓ ൅ ሻሿݎݑ ൌ ෍ ௘௫௧ܭ ሶݍ௬௬ܫ  ൅ ሺܫ௫௫ െ ݌ݎ௭௭ሻܫ ൅ ݉ሾݖ௚ሺݑሶ െ ݎݒ ൅ ሻെݍݓ ሶݓ௚ሺݔ െ ݍݑ ൅ ሻሿ݌ݒ ൌ ෍ ௘௫௧ܯ ሶݎ௭௭ܫ  ൅ ൫ܫ௬௬ െ ݍ݌௫௫൯ܫ ൅ ݉ሾݔ௚ሺݒሶ െ ݌ݓ ൅ ሻെݎݑ ሶݑ௚ሺݕ െ ݎݒ ൅ ሻሿݍݓ ൌ ෍ ௘ܰ௫௧  
       (4) 

Reduced Order Model 
In this paper the depth plane motion of the AUV is 

considered. The depth of the vehicle depends on the pitch 
angle, and required depth of the vehicle can be achieved by 
effective controlling of the pitch angle. Considering the depth 
plane dynamics only, and neglecting all out of plane terms, the 
reduced order state space model of the system can be written as 

൥ܫ௬௬ െ ௤ሶܯ 0 00 1 00 0 1൩ ൥ݍሶݖሶߠሶ൩ ൅ ൥െܯ௤ 0 െܯఏ0 0 ܷെ1 0 0 ൩ ቈߠݖݍ቉ ൌ
                                              ൥ܯఋ௦00 ൩           (5) 

In equation (4) ܫ௬௬ is the moment of inertia about Y axis, ܯఏ,ܯ௤, ௤ሶܯ  are hydrodynamic parameters defined in TABLE 1 
this can be re-arranged as 
 

൥ݍሶݖሶߠሶ ൩ ൌ ൦ ௬௬ܫ௤ܯ െ ௤ሶܯ 0 ௬௬ܫఏܯ െ ௤ሶ0ܯ 0 െܷ1 0 0 ൪ ቈߠݖݍ቉ ൅ ൦ ௬௬ܫఋ௦ܯ െ ௤ሶ00ܯ ൪  ݏߜ

 ,is the input given to the system which may be stepݏߜ (6) 
sinusoidal or any other input. 
This is of the form x�(t)=Ax(t)+Bu(t) 
Where ܣ ൌ ൥െ0.82 0.00 െ0.690.00 0.00 െ1.541.00 0.00 0.00 ൩ 

ܤ ൌ ൥െ4.160.000.00 ൩   (7) 

U is the linear velocity of the vehicle (1m/s). 
The transfer function for the pitch control is obtained from the 
above state space equation as ఏሺ௦ሻఋ௦ሺ௦ሻ ൌ ಾഃೞ಺೤೤షಾ೜ሶ௦మି ಾ೜಺೤೤షಾ೜ሶ ௦ି ಾഇ಺೤೤షಾ೜ሶ (8) 

From the table (1) we derive the transfer function as ߠሺݏሻݏߜሺݏሻ ൌ െ4.16ݏଶ ൅ ݏ0.82 ൅ 0.69 

 (9) 
 And the depth loop equation is ௭ሺ௦ሻఏሺ௦ሻ ൌ െ ௎௦    (10) 

 
whereܷis the linear velocity of the vehicle. Usually the 
velocity of underwater vehicles vary between 1m/s to 4m/s. In 
this study the velocity of the vehicle is considered to be 1m/s. 
So the depth plane equation can be written as 

ሻݏሺߠሻݏሺݖ  ൌ െ ݏ1                                ሺ11ሻ 

TABLE 1.HYDRODYNAMIC PARAMETER FROM [3]. 
Parameter Value Units Description 



Iyy 3.45 kgm² MI a
abܯ௤ሶ  -4.88 kgm² Addeܯ௤ -6.87 kgm²/s Comܯఏ -5.77 kgm²/s² Hydros
(pܯఋ௦ -3.46 kgm²/s² Fin L

 

3. Model Uncertainty 
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4. H-infin
The H-infinity full informatio
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ԡݖሺݐሻԡଶ ൌ ൭ න ்݁∞

ିஶ ሺݐሻ
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Figure 2: Closed loop control system with disturbances 

Figure2 shows a closed loop control system with controller 
transfer function C(s), system transfer function G(s), input r(s) 
and output y(s). Kpand Kbare the forward and feedback loop 
gains. ni(s), di(s), do(s) are the input, control and output 
disturbances respectively.no(s) is the noise affecting the output 
measurements. We can define three functions, Sensitivity 
function S(s), Transverse Sensitivity T(s) function and the 
Control Sensitivity function SC(s) as given below ܵሺݏሻ ൌ ଵଵାீሺ௦ሻ஼ሺ௦ሻ ,    ܶሺݏሻ ൌ 1 െ ܵሺݏሻ ൌ ሻݏሻ                ܴሺݏሺܥሻݏሺܩሻ1൅ݏሺܥሻݏሺܩ ൌ ሻݏሺܥܵ ൌ ஼ሺ௦ሻଵାீሺ௦ሻ஼ሺ௦ሻ……………..(15)ܵሺݏሻgives 
the transfer function between the error e(s) and the input r(s), ܵሺݏሻ ൌ ௘ሺ௦ሻ௥ሺ௦ሻ ܶሺݏሻ gives the transfer function between the output y(s) and the 
input r(s), ܶሺݏሻ ൌ ௬ሺ௦ሻ௥ሺ௦ሻ ܴሺݏሻgives the transfer function between the control input u(s) 
and the input r(s), ܴሺݏሻ ൌ ௨ሺ௦ሻ௥ሺ௦ሻ 
These sensitivity functions can be combined into a single 
infinity norm specification and can be written as  ԡ ௬ܶଵ௨ଵԡ∞ ൏ 1                             (16) 

where ௬ܶଵ௨ଵ ؝ ൥ ଵܹܵଶܹܴଷܹܶ൩                   (17) 

Small magnitudes of the sensitivity function  ܵሺݏሻ at low 
frequencies ensures good trajectory tracking characteristics. A 
large attenuation of the sensitivity function at low frequency 
also ensures good disturbance rejection characteristics. In order 
to achieve these characteristics ଵܹ is modeled as a low pass 
filter. At higher frequencies the important requirements are 
noise rejection and robust stability in the face of 
unmodeleddynamics. The transverse sensitivity function ܶis 
therefore designed to have a high gain in low frequency range. 
Hence ଷܹ is designed as a high pass filter.Over all frequencies 
the control sensitivity function has to be minimized. 
Hence ଶܹ is normally modeled as a low pass filter. In other 
words it can be said that ଵܹ weighs the error signal, ଶܹ weighs 
the control signal and ଷܹ weighs the output signal. 

In this study, the depth plane dynamics of the underwater 
vehicle considered is of third order. The pitch control itselfis a 
second order system.The weighting functions ଵܹ and ଷܹ are 
designed as second order low pass and high pass filters 
respectively. The control signal weighting function is assumed 

to be a small constant, to make the augmented plant full 
order. ଵܹ ൌ ସ଴௦మାସ௦ାଷ , ଶܹ ൌ 0.001, ଷܹ ൌ ௦మାହ௦ା଼ଶ଴଴               (18) 

The weighting functions are chosen so that there are no 
imaginary axis poles or zeroes, which may make the system 
internally unstable. 

6.  Results and Discussion 

In this study an uncertain model of the depth plane dynamics of 
the underwater vehicle was created by introducing parametric 
uncertainties, since in reality hydrodynamic parameters like 
added mass, hydrostatic moment, fin lift moment cannot be 
ascertained with a high degree of accuracy. In the study 
undertaken, it is assumed that the estimation uncertainty of the 
fin lift moment ܯఋ௦ is about twenty percent of its nominal 
value. The uncertainties in the values of added mass term ܯ௤ሶ  
and hydrostatic moment ܯఏ is assumed to be 25 percent of 
their respective nominal values. The nominal values of all the 
parameters affecting the depth plane motion of the underwater 
vehicle is listed in TABLE 1. A H-infinity controller based on 
the mixed sensitivity approach was generated using the 
nominal model. The controller generated was found to be of 
fourth order, higher than that of the system. The closed loop 
system met the requirements of disturbance rejection and 
internal stability. The requirement that the infinity norm be less 
than one, was also met, verifying the fact that the controller 
would internally stabilize the system.  With the augmented 
filters as given in equation(18), the optimal value of ߛ was 
found to be 0.8851. Step response of the  system with twenty 
random parameter, whose value is varied within the specified 
uncertainty range is shown in Figure 3. The response of the 
nominal closed loop system and the uncertain system, along 
with the generated H-infinity controller is shown in Figure 4 
and Figure5 respectively. It is seen that the system is stable, 
and gives very good set point tracking or regulatory control 
characteristics. The magnitude plot of the sensitivity function 
of the uncertain samples and the worst case sensitivity is shown 
in Figures 6 and 7 respectively. It is observed that in both the 
cases a peak occurs, near 102 rad/sec, indicating a singularity at 
that frequency. This is confirmed in Figure 8 which shows a 
hump in the singular value plot of the sensitivity function at the 
same frequency. So there is a chance that the system may show 
instability at that frequency. However the singularity can be 
overcome by proper choice of the weighing function ଵܹ, which 
weighs the sensitivity function. 

        A comparative study between H-infinity and LQG (H2), 
along with mixed H2-Hinfinity controller has been presented in 
this paper. The two norm of the system along with the 
controller is found to be 2.7298. The step response of the 
nominal system with LQG controller is shown in Figure 9. 
From the response it can be seen that there is an increase in 
overshoot when we try to reduce the two-norm of the system, 
instead of the infinity norm, that is when we use a H2 
controller. A slight oscillatory behavior before settling is also 
observed. The step response for the system with mixed H2-
Hinfinity controller is shown in Figure 10. No oscillatory 
behavior is observed in this case. However the system settles at 
a slightly higher value (1.5m), than the desired value. The 



optimal two norm and the infinity norm for the closed loop 
system was found out to be 1.5356 and 1.8244 respectively. 

 
Figure 3: Step response of uncertain depth system 

 
Figure 4:Step response of the nominal plant with H-infinity controller 

 
Figure 5:Step response of the uncertain depth system with H-inf controller 

 

 
Figure 6: Magnitude plot of Sensitivity function in log scale 

 

 
Figure 7: Magnitude of Sensitivity function in worst case 

 
Figure 8: Singular value plot for closed loop(l) Sensitivity(S) and Transverse 
Sensitivity function(T) 

 
 
 
 



  

 
Figure 9: Step response of the nominal plant with LQG (H2) controller 
 

 
Figure 10: Step response of the nominal plant with mixed H2/H-infinity 
controller 

 
Figure 11: Pitch angle response to unit step input with H-inf controller 
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